1. In discussing the number of solutions of equations in finite fields [2, p. 507] , Weil was led to the following conjecture. Let F be a variety of dimension n without singular points defined over GF(q), q=p"; let iVm be the number of rational points on V over the extended field GF(qm). Then (1.1) EiV-M«»-i = -logZ(«), m=l du where Z(u) is a rational function of « which satisfies a functional equation of the type
where Po(«) = 1 -«, P%n(u) = l -qnu, and
Pk(u) = IT (1 -«M*) (I «*,| = <tn, 1 ¿ * S 2» -1). »-i (Weil also makes some additional remarks that we shall not discuss.)
The purpose of this note is to examine this conjecture in several cases in which explicit formulas are available for Nm, so that Z(u) can be computed. In some of the cases considered V may have singular points; as might be expected the conjectured formulas may require modification in such cases. ( s=2t+ 1),
A simple computation yields
Then using the notation of (1.1) we get (2.5)
(s = 20.
In particular we note that (1.2) holds and that k = 2t for j = 2/+1, k = 2t-2 for s = 2/.
A word may be added about the case a ?*0. Let Nm(a) represent the number of solutions over GF(qm) and let iV" represent the number of rational points on Q(xlt • ■ • , x,)=ax^+1; also let Z(u, a) and Z*(u) denote the corresponding Z-iunctions. Clearly Nm(a) =N% -Nm and it follows that (2.6)
Alternatively it follows directly from (2.2) and (2.3) that
it is easily verified that (2.6) and (2.7) are in agreement.
3. Let e, f be fixed integers =T and suppose (e, f) = 1. It is not difficult to show that the total number of solutions of t i t¡ (3.1) aiZiyi + • • • + a,x,y, = 0 is q2'~1+(q -l)q'~l, and therefore the number of rational points over GF(qm) is given by
Comparison of (3.2) with the second of (2.2) indicates that Weil's conjecture holds for (3.1). We remark that for ef>l, the variety defined by (3.1) contains singular points. If we waive the condition (e, f) = 1 then the number of solutions, when obtainable, is not quite so simple. For example we can determine the number of solutions of A simple calculation now yields
It can be verified that (3.5) implies It is easily verified that each product in the right member of (5.2) satisfies an equation of the form (1.2).
